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1. INTRODUCTION 
The object of this paper is to study the approach to equilibrium of the 
statistical behavior of the photon distribution of single-mode cavity 
radiation when it is subject to detection. In the usual analysis, the emphasis 
is always on the the equilibrium distribution and the analysis of the 
statistics of the detection process is generally carried out after equilibrium 
is established. For our analysis, we shall use the number representation of 
the radiation field and derive the appropriate rate equation by the use of 
the Bellman- Harris branching equation [ 11. The rate equation, although 
apparently classical in its structure, involves only physically interpretable 
concepts such as atomic population and transition rates; on the other 
hand, a fully quantum mechanical density matrix contains off-diagonal 
elements or “Coherence9 which are rather difficult to interpret in a 
classical picture. Besides, the simplicity of the rate equation enables us to 
examine in depth the approach to equilibrium when a detector is 
introduced. 
A comprehensive model of single-mode cavity radiation when it is sub- 
ject to detection had been proposed quite recently by Shepherd [2] who 
visualized the cavity-field evolution as essentially a birth and death process 
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supported by an immigration process. The field-detector interaction (or 
rather the detection mechanism) is modelled as an emigration process with 
a constant emigration rate per individual. The photons detected by the 
detector (photo counts) over a time interval correspond to the number of 
emigrants over the same time interval. The rate equation of the cavity pop- 
ulation corresponds to the Chapman-Kolomogorov equation of the 
Markov process {X(t)} representing the size of the population. Shepherd 
[2] considered the two dimensional process (X(t), Z(t)} where Z(t) 
represents the number of photo counts over [0, t] and obtained the 
equation satisfied by the joint probability of X(r) and Z(r). By solving the 
resulting equation, Shepherd derived many interesting results besides those 
already established by the use of the semi-classical approach of Man- 
de1 [3]. 
In this paper we shall use Shepherd’s model for the description of the 
cavity, field, and detector and consider the following situations. The cavity 
and radiation field are assumed to have interacted in the distant past so 
that they are in equilibrium at rhe time origitz when the detector is 
introduced. Let X(t) be the number of photons at time I and Z(t), the num- 
ber of photo counts as monitored by the detector over the time interval 
(0, t]. We wish to study the behavior of the distribution of X(t) and 
Z(t + T) - Z(t) for arbitrary t. The case when t tends to infinity is dealt 
with in the literature extensively. 
2. BASIC EQUATIONS AND THEIR SOLUTION 
At the outset we note that the Shepherd model is just a population 
process whose birth and death rates are respectively 1 and p per individual 
together with an immigration at a constant rate Y per unit time. Finally, v 
is set equal to 1 to yield the correct statistics for a Bose-type particle. We 
are assuming that this population has evolved from the remote past to an 
equilibrium state (this is possible provided p is greater than 1) at the time 
origin, at which instant the detector is introduced. The detector measures 
the intensity by a (destructive) process, the probability of detection of a 
photon per unit time being q. Next we note that the constancy of the birth, 
death, and detection rates per individual implies that the population of 
photons generated by different individuals is statistically independent. 
Hence we conclude that the probabilistic structure of the population is uni- 
quely determined by the probability generating function of the size of the 
population generated by a single individual. We introduce the following 
notation: 
g,(z, t)=E(zX”‘IX(0)= 1; v=O} (2.1) 
g(z, t) = E{z x(~J(x(Oj=o; v+oj (2.2) 
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G,(z, t)=E(zZ”‘JX(0)= l;v=O} (2.3) 
G(z, t)= E{~Z”‘~X(0)=O; v#O} (2.4) 
Throughout, we shall use E to denote the expected value of the quantity 
in the braces. 
We now derive an equation for the function g,(z, t). Since the uderlying 
process is a branching process, we use the branching equation of Bellman 
and Harris [l] in the imbedding form (see [4]). We note that in view of 
the fact v = 0 in the infinitesimal interval (0, A) the photon present at 
time 0. 
(i) is absorbed by the cavity atom with probability PA + o(d) or by 
the detector atom with probability r@ + o(d), or 
(ii) creates another photon (due to stimulated emission) with 
probability Ad + o( d ), or 
(iii) does not interact with the cavity or detector atoms with 
probability (1 - (A + p + q) A) + o(d ). 
In case (ii), at time A, we have two photons each of which will generate a 
population independent of each other. Thus we have 
g,(~,~)=(~+YI)d+~3[g,(=,t-d)]2+(1-(~+~+-t~)dg,(~.t-d). 
( 2.5 
Proceeding to the limit as d -+ 0, we have 
&,(a, t) 
-= -(J+P+91) g,k f)+(Fr+‘1)+4Ig,(,-, r,12 dt 
(2.6 
with the initial condition 
g,(z, 0) = z. (2.7) 
To obtain the equation satisfied by g(z, t), we proceed as before and note 
that initially there are no photons present and hence in the infinitesimal 
interval (0, A) either a photon will be added (spontaneous emission) with 
probability VA or not. Thus we have 
g(=,t)=vAg,(z,t-A)g(z,t-A)+&vA)g(,,t-A). (2.8 1 
Proceeding to the limit as A -+O, we obtain 
&(z, t) 
-= -vT(=, t)+llg(z, t) g,(z, t) dt 12.9 ) 
with the initial condition 
g(z,O)= 1. (2.10) 
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In exactly the same way, we obtain the following equations for G,(z, I) and G(z, I):
dG,(z, t) 
dt 
= - (A. + p + q) G,(z, t) + (p + rp) + R[G,(z, I)]’ 
dG(z, t) -= - vG(z, t) + vG(z, t) G,(z, t) 
dt 
G,(z, 0) = 1 = G(z, 0). 
The solutions of (2.6) and (2.9) can be readily obtained: 
g,(z, t) = 1 + 
(p+q-#l)(z- l)e-(p+q-Qc 
(p++--A)-A(~--l)[l-e~-‘~+~-‘)‘] 
Likewise, the equations (2.11) and (2.12) can be solved: 
ii+ -i-J 
Gl(Z~t)=~+-I-((l-r_)i(l-i+))e-~“”;+~’-’ 
1 
Y I G(;, t) =,-Yr(l -c-j
where 
3. PHOTON AND PHOTO COUNT DISTRIBUTION FUNCTION 
(2. I1 ) 
(2.12) 
(2.13) 
(2.14) 
(2.15) 
(2.16) 
(2.17) 
(2.18) 
We can obtain the steady state (equilibrium) distribution function of the 
radiation field from (2.15) by setting v = A and taking the limit as f tends to 
infinity: 
lim g(z, t)= 1 
‘L I 
l- ,+;-lw)]. (3.1) I - r 
Returning to the main theme, we wish to study the effects of introduction 
of the detector into the cavity-field system. This is best described by 
g,(z, t), the generating function of X(t) when the cavity and radiation field 
are in equilibrium at the time origin, at which instant the detector is 
introduced. To obtain g,(z, t) we proceed as follows. If p,(n) is the 
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probability mass function corresponding to the equilibrium distribution of 
cavity and radiation field, then 
g,k t)= 2 g(z, r)[g,(z, r)]“p,(n). 
I, = 0 
(3.2) 
However, we know p,(n) corresponds to the Bose-Einstein distribution 
with parameter i/p - i (see Shimoda et al. [ 53). In fact the generating 
function pE( z) where 
x. 
p&) = 1 p,(n) :‘I (3.3) 
n =: 0 
can be obtained from (3.1) by setting q = 0. Thus from (3.2) we have 
g,(z, t) = g(z, I,i 1 - 
i 
A 
I -+e. f)- 11 i 
Using (2.14) and (2.15) we finally obtain 
Thus the Bose-Einstein distribution for the cavity population holds good 
even after the introduction of the detector which only reduces the value by 
the multiplicative factor a( t ) so that 
g,(z, t)=l/[l -(ii/A-i)(z- l)a(t)] (3.6) 
a(t)={l+[~/(cl-~)]e-‘~+II~~“)/[l+~/(~-~)]. (3.7 I 
It is to be noted that a(t) decreases from 1 to (p- E.)/(/c + r] - 1) as I 
increases from 0 to infinity. 
To deal with the photo count distributions, we introduce the analogous 
function G,(r, f, T) which is the expected value of the photo counts in the 
interval (t, t + T] conditional on the cavity and held being in equilibrium 
and the detector being introduced at the time origin. Now G,(z, t, T) is 
given by 
G,(z, t, T)= f p&z, t)[G,(z, T)-J”G(z, T) (3.8) 
n = 0 
where ~,(n, f) is the probability mass function of the cavity population at 
time r, the origin being conditioned as before. The above relation is a con- 
sequence of the statistically independent nature of the population of 
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photons (and hence photo counts) generated by different individuals. On 
performing the summation we obtain 
GA, t, T) = G(z, t) g,(G,(z, T), t) (3.9) 
a relation which can be still further simplified using (2.16) and (2.17). Thus 
we finally obtain 
(3.10) 
where we have made the identification used by Shepherd [2] 
,I = ,I.; I= 2 
p+?+l’ 
1H2r1 (3.11) 
and y, y are the usual parameters: 
y* = y* + 21yyTq( 1 - z); y=TT. (3.12) 
The limit of the r.h.s. of 3.10 as t tends to infinity yields the familiar for- 
mula. The modification of the distribution of photo counts due to the 
transient effects of the detector is apparent. 
4. CORRELATION OF PHOTO COUNTS 
In Section 3 we have studied the distribution of photocounts over the 
interval [t, t-t T] when the time origin is conditioned by the introduction 
of the detector into the equilibrium state of the cavity-field. Now we shall 
investigate the effect on the point process of photo counts. Limited infor- 
mation on the point process is available through the generating function 
GE(z, t, T). If we set z = 0, then GE denotes the probability that no photon 
is detected over the time interval [t, t + ZJ. If we let IV(t) be the random 
variable representing the waiting time (measured from t) to the first photo 
count, then we have 
Pr{W(t)QT)=l-G,(O,t,T). (4.1) 
Of course W(t) is an important characteristic of the point process of detec- 
tion and to that extent the function G, provides an expression for the dis- 
tribution function of w(t). 
We can estimate the effect of the detector noise on bunching as observed 
by the detector by evaluating the correlation of the photo counts. To do 
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this we introduce the correlation functions known as product densities [6] 
which have been used in cosmic ray shower theory and related problems 
[7]. In the special context of photo counts, they can be conditioned 
appropriately to correspond to the initial conditions introduced in the 
previous section and these are defined by 
h,(r)=fimOPr{Z(T+d)-z(T)= t(E,)jLil (4.2) 
h2(Tk,T2)= hm Pr 
Z(T,+d,)-Z(T,)=t,Z(T,+d,)-Z(T2)=11Ey 
d,.J?-tO d,dz 
(4.3 1 
where sq stands for the special condition that the cavity and field are in 
equilibrium at the time origin and the detector is also introduced at the 
same time. To obtain explicit formulas for h, and h2, it is convenient to 
introduce hi(s) and h:(t) where 
h~(r)=!imo~r(Z(T+d)-Z(r)=~~~(0)=~;r=O}/d (4.4 
h:(r)= hm Pr{Z(r+d)-Z(r)=l~A’(O)=O;\~#O)/d. (4.5 
J-0 
Next we note that by definition (4.2) it follows that 
h,(T) = E[x(T)l v (4.6) 
using the expression for g,(z, t) given by (3.6), we obtain 
To obtain an expression for h,(z,, T,), we set T, < TV for definiteness and 
classify the possibilities at the time point T, that can lead to a photo detec- 
tion event at “TV.” The photo detection event at “TZ(' can be from the pop- 
ulation generated by a photon present at T, or by a photon spontaneously 
emitted after T, . Thus we have 
h,(T,T,)=E[X(T,)(X(T,)-l)l?h:(T,-T,)+h,(T,)h~(Tz-T,). 
(4.8) 
To obtain hi and hy, we note by definition 
hf(T)=E[X(t)(X(O)= l;v=o] fj 
h:(T) = E[X(r) ( x(o) = 0; v #o] 9. 
(4.9 1 
(4.10) 
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The conditional expected values of X(r) can be obtained from the 
corresponding generating functions. Using (2.14) and (2.15) we obtain 
(4.12) 
using (4.11), (4.12), and (4.7) in (4.8), we obtain 
(4.13) 
where we have set v = A. Now we can determine the bunching factor B 
which in the transient case is defined by 
B=h2((~,7 ~2)lr~-r,=o/~2h, ~2)lr~-r,=m. (4.14) 
Using (4.13), we find 
(4.15) 
showing that B is greater than 2. Of course for large z i . B is nearly 2. 
It is to be noted that the results presented throughout correspond to the 
cavity-field being in a state of equilibrium at the time origin. However we 
can easily adapt these results when the cavity-field system is an arbitrary 
state. For instance (4.8) is still valid generally, provided we use the more 
general formula (4.6) for h,(r). Thus in this case we have 
hz(T,, ~z)l*,-,,=o=ECX(r,)(X(z,)- 1)l ‘I= (4.16) 
MT,, T*)lrzpr,= x =h,(Tr)hY(a3). (4.17) 
The first two factorial moments of X(r) can be computed by observing that 
the corresponding generating function g.&, r) is given by 
garbk T) = &, T) Parbkl(~, 5)) (4.18) 
where par* is the generating function of the initial cavity photon dis- 
tribution. Thus after some calculations, we obtain for B, the measure of 
bunching, the expression 
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where 
p= 1 
p+tj-li’ 
iV2 = kN’: (4.20) 
and i%‘, (i = 1, 2) is the ith factorial moment of the initial cavity photon dis- 
tribution. It is clear that if k < 1, then the cavity photons continue to be 
antibunched for small values of T, . The limit of B as T, tends to infinity is 
of course 2, as is to be expected. 
SUMMARY AND CONCLUSIONS 
It is well known that when a radiation field interacts with a cavity sub- 
ject to a detection process. its characteristics are changed. In the usual 
analysis of cavity radiation, generally the emphasis is on the distribution 
after equilibrium is established between the cavity, field, and the detector. 
In this paper we have attempted to describe the approach to equilibrium. 
The problem of cavity-field evolution and its approach to equilibrium was 
first considered by Shimoda et al. [5]. This was pursued further by Schell 
and Bakarat [S]. Shepherd [2] dealt with a more general situation in 
which the detector is introduced and provided a very general solution valid 
for arbitrary initial conditions. In fact, all the results given in Section 3 can 
be deduced from the results of Shepherd [2]. The point process generated 
by the detector is of course interesting and in the present paper we have 
provided a complete analysis of the correlation of photo counts. Further. 
we have also dealt with the transient effects due to the introduction of the 
detector into the cavity-field system. Apart from these, the method outlined 
in Sections 2 and 4 can be used to estimate the effects due to different 
detection mechanisms on the radiation field (see, for example, [9] ) and 
perhaps isolate them by eliminating the effects due to detector noise. 
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